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Solution to Radiative Transfer: Thermal Radiation

» Integral equation for thermal radiation:
* No scattering of thermal radiation
* No solar radiation

J = B(T(1))
dl _q

U= J

=1-B(T(7))
We get:

1 Th p
I=1,- e~ (Tp—D/1 4 ﬁ . f B(T(T')) . e—(r -7)/1 . dt’
T
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Upward and Downward Radiance

» Distinguish upward (I*) and downward (I) radiance:

Upper and lower boundary conditions:
I_(T:O):O fOI"-lSLlSO
I (t = 19) =B(Tg) forO<u<+1 ; gisground

> Therefore:

1 [* /
| B(Tg) e~ (T /1 4 ﬁ . f ' B(T(T')) . e—(r 1)/ dt’
T

1 T
T = —— / . _(T,_T)/.u'. /
I " jo B(T(t"))-e dt

I* and |- are always positive values
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Flux Density

+1 271
F:f [-u-dn =f f [-u-do-du
ATT -1 J0

+1
[ Stratified 7KF)—] = j 21 - u-du
-1

=Ft—F~

+1 —1
F+=j 2w - I - u-du F‘=j 21~ - u-du
0 0

Upward Downward

* F:(Net) flux density. Positive or negative value
* F*: Upward flux density. Positive value
* F: Downward flux density. Positive value
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Flux Density

+1
F+=f 2w -1t - u-du
0

1/2
= 27T°B(Tg)°E3(T1—T)+2T[°f B(T(T’))-dE3(T’—T)
E3(T1—7)
~1 1/2
F~ =f 21" - p - du = 2n-j B(T(z")) - dEs(t' — 1)
0 E3(T)
F=Ft—F~
1 0 o—xt
Third exponential integral: E;(x) =f y e */Ydy =f 3 dt
0 1

T
It = B(Tg) e~ (T=0/u 4 % . j 1B(T(T’)) e s ) VT Y
T
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Radiance to Space Approximation: Radiative Heating

For only, with no solar radiation & scattering

 Upper edge layer: loosing energy to space

* Middle layers: inward and outward radiation cancels to
some degree, with certain portion towards outer space

* Air temperature in lower and mid atmospheres are
normally within 40 K (16%) of the vertical average

To calculating radiative heating in a layer of interest, assuming
all layers and the ground have the same temperature as that
level, so that all radiation exchange, except with outer space,
is identically zero. Therefore:

-

I+ = B(T,) - e~G-0/u 4 1.

p frlB(T(T')) e~ ("D/k . 4 = B(T(7)) forO<pu<+1

— _i : JTB(T(T’)) P G ) VT P B(T(T)) : (1 — eT/“) for-1<u<0
0
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Radiance to Space Approximation

Thermal radiation heating: AS-dz-p-8q =—dF - AS - 6t

Thus, heating rate (per unit volume):

¢  dF 1 g f“ dl
T _ - = 2w~ kyp - —-u-d
P 5t dz _[_1 om dz au 1 ab " RO

+1
=f 2w - kg, - (I —B) - du
~1

+1 0
=j 21 - ab-(1+—B)-du+J 21 - kg, - (IT —B) - du

-1

0
=—j 21 - kg, - B-e™/H - du
~1

= —21 - kab -B - EZ(T)

1

e */Vdy = J

Second exponential integral:  E;(x) = J +2
1

0



Radiance to Space Heating Rate

Cooling rate = — Heating rate

Scale height = 6-8.5 km; Solid line: exact; Dotted line: RtS approximate

Richard Goody




Approximate Differential Equations for Diffuse Flux

» For many problems one concerns radiation flux in a stratified
atmosphere only

» Direct solar radiance can be easily calculated with Bill’s Law, thus
not needed to be included in the radiative transfer equation

dl
,ua =1—-] ( , stratified atmosphere)
Wy
] ZE F‘P(T;H;.U;QO;(PO)
+(1 - wy)B

Fy = Fye —1(2)/ 1o
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Method of Moments, Semi-Isotropic Field of Radiance

EEE
Method of moments: Semi-isotropic Radiance:
EN [ 1.4 = 4nT I[=U"+17)/2
Jan
( F=n(I*-1) Upward: positive
EX l-u-dQ=F
Jan
4 . 4w _
SEA5L j Jop? dQ=—f 0]
. 3 3
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Method of Moments, Semi-Isotropic Field of Radiance

We get: dF _ ‘ dl
8 E=47‘[(1—wo)(1 —B) —wyfg &= X M“Edﬂ
A dl ‘ dl
?E:F(l_wog) — wogFalo & ok M“ZEdQ
1
Thus:
dB
Diffuse —wug)F —4n(1 — wy) —

dt

24
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Radiative Transfer of Diffuse Flux

dB
— weg)F —4n(1 — w,y) e

w
— Fg <M_O + 3wegpe(1 — wo))
0

Lower boundary conditions: [T = B, F= 27T(Bg _ f)

Upper boundary conditions: I—=0 F =2nl
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Consider thermal emission from an isothermal, nonblack cloud. Suppose there is
a stratus cloud with stratified atmosphere. The top of the cloud is at T = 0, and
the bottom is at T = co. Assume that we are in the thermal region (Fz = 0), that

the cloud is isothermal (Ccll—l: = 0), that the scattering is isotropic (g = 0), and that

the single scattering albedo (wg) is a constant. Thus, the radiative transfer of
diffuse flux becomes:

d°F ,

an F, a =3(1—w0)

(i) Show that the boundary condition at t =0 is:

dF (0)
(E)T:O = 47'[(1 — a)o) <_T[ — B)

F(0) _ 4(1-wo)

B 2(1-wg)+/3(1-wy)
(ii) The above formulae are approximate. What should be flux be for a black body
(wg = 0)? Correct the above formula with a constant factor to allow for this error

22 for wy = 1.0,0.8,0.6,0.4,0.2, 0.0,

Show that:

and calculate
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