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3Michael Wallace book

A. A small, perfectly black, spherical satellite is in orbit 
around the Earth at an altitude of 2000 km. What angle 
does the Earth subtend when viewed from the satellite?

B. If the Earth radiates as a blackbody at an equivalent 
blackbody temperature Te= 255 K, calculate the 
radiative equilibrium temperature of the satellite when 
ƛǘ ƛǎ ƛƴ ǘƘŜ 9ŀǊǘƘΩǎ ǎƘŀŘƻǿΦ



4Michael Wallace book

A. Consider two opaque walls facing each other. One of the walls 
ƛǎ ŀ ōƭŀŎƪōƻŘȅ ŀƴŘ ǘƘŜ ƻǘƘŜǊ ǿŀƭƭ ƛǎ άƎǊŀȅέ όƛΦŜΦΣ‌ independent 
of ‗). The walls are initially at the same temperature Ὕand, 
apart from the exchange of radiation between them, they are 
thermally insulated from their surroundings. If ‌and ‐are the 
absorptivity and emissivity of the gray wall, prove that ‐ ‌.

B. Consider the situation where two gray walls are facing each 
other. One wall has absorptivity ‌ and the other ‌. Prove 
that

Ὂ

‌

Ὂ

‌
where Ὂ and Ὂ are the flux densities of the radiation emitted 
from the two plates. Make sure of the fact that the two plates 
are in radiative equilibrium at the same temperature.



Ideal Gas Equation
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Å Ideal gas has negligible molecular size and no interactions 
except elastic collisions

ÅAmbient air is close to ideal gas, and is treated as so

Ѓ Є ᵩ

ὴ ”ὙὝ

Specific volume

ὴὠ άὙὝ ὲὙᶻὝ

Pressure

Volume
Gas constant

# of moles

mass
Temperature

Universal gas constant= 8.3145 J K-1 mol-1

ὴ‌ ὙὝThus,



!ǾƻƎŀŘǊƻΩǎ IȅǇƻǘƘŜǎƛǎ ᴥꜘ
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!ǾƻƎŀŘǊƻΩǎ bǳƳōŜǊ bA: = 6.022x1023 per mole
1 mole = NA molecules

Gram-molar massM:

!ǾƻƎŀŘǊƻΩǎ ƘȅǇƻǘƘŜǎƛǎ (1811): gases containing the 
same number of molecules occupy the same 
volumes at the same temperature and pressure. So:

ὓ ρπππ
ά

ὲ
Ѓg mol-1Є

ὴὠ ὲὙᶻὝ

Ὑz
Ὑὓ

ρπππ



5ŀƭǘƻƴΩǎ [ŀǿ ƻŦ tŀǊǘƛŀƭ tǊŜǎǎǳǊŜǎ ⅎ
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John Dalton in 1787: 
The total pressure exerted by a mixture of gases that 
do not interact chemically is equal to the sum of the 
partial pressures of the gases

Partial pressure of a gas is the pressure it would exert 
at the same temperature as the mixture if it alone 
occupied all of the volume that the mixture occupies

ὴ ὴ
ὙᶻὝ

ὠ
ὲ



Dry Air
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For dry air:

Apparent molar mass:

= 28.97 g mol-1

Therefore:

ÅBelow turbopause(> 100 km), R 
is constant (287.0 J kg-1 K-1)
ÅAbove turbopause, heavier gases 

decrease with height faster!

ὴ‌ ὙὝ

ὓ
Вά

В
ά
ὓ

Ὑ ρπππ
Ὑᶻ

ὓ
= 287.0 J K-1 kg-1



Water Vapor
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Water vapor:

Therefore: Ὑ ρπππ
Ὑᶻ

ὓ

‐ḳ
Ὑ

Ὑ

ὓ

ὓ
πȢφςς

Ὡ‌ ὙὝ

= 461.51 J K-1 kg-1



Virtual Temperature 
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Virtual temperature:
The temperature that dry air would need to attain in 
order to have the same (mass) density as the moist air 
at the same pressure

Density of moist air:

”
ά ά

ὠ
” ”



Virtual Temperature
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5ŀƭǘƻƴΩǎ ƭŀǿ

Virtual temperature:Thus:

Ὡ ”ὙὝ

ὴ ”ὙὝ ” ” ”

ὴ ὴ Ὡ

ὴ Ὡ

ὙὝ

Ὡ

ὙὝ

ὴ

ὙὝ
ρ
Ὡ

ὴ
ρ ‐

Ὕ
Ὕ

ρ
Ὡ
ὴ
ρ ‐

ὴ ”ὙὝ



Water Vapor in the Atmosphere
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Mixing ratio:

Specific humidity:

Water vapor pressure:

ύ
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Hydrostatic Equation Ⱶ
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ὴ‏ Ὣ”‏ᾀ

Thus:

‬ὴ

‬ᾀ
Ὣ”

Ὣ

‌



Hydrostatic Equation
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Atmospheric mass a unit (m2) of Earth surface

ὴ‏ Ὣ”‏ᾀ

Ὠὴ Ὣ”Ὠᾀ

ὴᾀ Ὣ”ὨᾀThus:

ὓὥίί ”Ὠᾀ
ὴ

Ὣ



Geopotential r ɻGeopotential Height rשׂ שׂ
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Geopotential:

At hydrostatic state:

Geopotential height:
g0 is the globally 
averaged gravity 
acceleration at the 
9ŀǊǘƘΩǎ ǎǳǊŦŀŎŜ

ɮᾀ π π

Ὠ‰ ὫὨᾀ

‰ᾀ ὫὨᾀ

ὤ
‰ᾀ

Ὣ

ρ

Ὣ
ὫὨᾀ

Ὠ‰ ὫὨᾀ ‌Ὠὴ



Acceleration of Gravity
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Geopotential Thickness
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Geopotential thickness:

Ὠ‰ ὙὝ
Ὠὴ

ὴ
ὙὝ

Ὠὴ

ὴ

Ὠ‰ ὙὝ
Ὠὴ

ὴ

‰ ‰ Ὑ Ὕ
Ὠὴ

ὴ

ὤ ὤ
Ὑ

Ὣ
Ὕ
Ὠὴ

ὴ



Scale Height 
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Forisothermal atmosphere with dry air:

ÅBelow turbopause(> 100 km), Rd is constant (287.0 J kg-1 K-1)
ÅFor T = 255 K, we get H ~ 7.5 km
ÅAbove turbopause, concentrations of heavier gases decrease 

with height faster!

Ὄ
ὙὝ

Ὣ

ὙὝ

Ὣ
ςωȢσὝ

ὤ ὤ ὌÌÎϳὴ ὴ

ὴ ὴὩ



Thickness of Height of Constant Pressure Surfaces
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Warm core lows Cold core + warm core

Constant pressure surface



First Law of Thermodynamics
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Unless otherwise stated, we only discuss the case in the 
absence of changes in nuclear energy, internal inter-
molecular potential energy, and macroscopic kinetic energy

q: heat (interaction, not transported)
w: work (interaction, not transported)
u: internal kinetic energy (function of state)

Ὠό ή‏ ύ‏ for a unit of mass



Work
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Thermodynamic diagram

ᵩ ꜗ

Ὠύ ὊὨὼ

ὴὃὨὼὴὨὠ

ύ ὴὨὠ

Thus:



Specific Heats
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Closed system (no phase change) for dry air:

At constant 
volume:

At constant 
pressure:

ή‏ Ὠό ὴὨ‌ ὧὨὝ ‌ὨὴIn general:

ὧ
ή‏

Ὕ‏

‬ό
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ὧ
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Ὕ‏
ὧ Ὑ



Enthalpy 
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Therefore, under hydrostatic balance:

ƘҌ∑: dry static energy

Enthalpy is a state function, like u, p, v, T

Ὤ ό ὴ‌

ὨὬ Ὠό Ὠὴ‌ ὧὨὝ

ή‏ ὨὬ ‰ ὨὧὝ ‰



Air Parcel Ẑ

24

Assuming that a parcel of air is

VThermally insulated from its environment so that 
its temperature changes adiabatically as it rises 
or sinks

VAlways remaining at exactly the same pressure as 
the environmental air at the same level, which is 
assumed to be in hydrostatic equilibrium

VMoving slowing enough that the macroscopic 
kinetic energy of the air parcel is a negligible 
fraction of its total energy



Dry Adiabatic Process
(Vertical Movement with No Phase Change)
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Thus, dry adiabatic lapse rate:

ή‏ ὨὧὝ ‰

ɜ
‬Ὕ

‬ᾀ

Ὣ

ὧ
= 9.8 K km-1

ὧὨὝ ὫὨᾀ

π



Potential Temperature r
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Potential temperature of an air parcel:
The temperature ̒ that the parcel of air would have 
if it were expanded or compressed (dry) adiabatically 
from its existing pressure and temperature to a 
standard pressure p0 (generally taken as 1000 hPa)

ή‏ ὧὨὝ ‌Ὠὴ π

ὧ

Ὑ

ὨὝ

Ὕ

Ὠὴ

ὴ
π

ὧ

Ὑ
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Ὕ

—
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ὴ
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Thus, 

— Ὕ
ὴ

ὴ

ϳ



Equilibrium (Saturation) Vapor Pressure
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es: Saturation vapor pressure wrt a plane 
surface of pure water at T

esi: Saturation vapor pressure wrt a plane 
surface of pure ice at T

К



Saturation Mixing Ratio
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ὴ Ὡ
ὙὝ
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Relative Humidity

29

Td: Dew point temperature

ὙὌ ρππ
Ὡ

Ὡ
ρππ
ύ

ύ

ρππ
ύ ὥὸὸὩάὴὩὶὥὸόὶὩὝὥὲὨὴὶὩίίόὶὩὴ

ύ ὥὸὸὩάὴὩὶὥὸόὶὩὝὥὲὨὴὶὩίίόὶὩὴ



Latent Heat for Phase Change 
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Latent heat of vaporization or evaporation ὒ:
The heat that has to be given to a unit of mass 
of material to convert it from the liquid to the 
vapor phase without a change in temperature

ὒ = 2.5 x 106 J kg-1 for water at 1 atm and 100хC

ὒ is weakly dependent on T

ήḙ‏ ὒὨύ for a unit mass of moist air (dry + H2O)

Ὠύ> 0: Ї dq < 0
Ὠύ< 0: ₆ Ї dq > 0



Saturated Adiabatic & Pseudoadiabatic Processes
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As the air moves upwards, its water vapor becomes saturated 
and starts to condense to liquid water or deposit to ice

üSaturated adiabatic process: the condensed/deposited water 
stays in the air parcel, thus the process is adiabatic (no heat 
interactions with environment) and is reversible

VFor example, cloud formation without precipitation

üPseudoadiabatic process: the condensed/deposited water 
falls out of the air parcel immediately, thus the process is 
irreversible

VFor example, precipitation formation

ü In both cases, the mass and energy associated with the phase 
change is small compared to those of the air parcel



Saturated Adiabatic & Pseudoadiabatic Processes
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Thus:
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Saturated Adiabatic & Pseudoadiabatic Processes
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where: for T = 0х/, p from 1000 to 950 hPa

Thus, moist adiabatic lapse rate:
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Saturated Adiabatic & Pseudoadiabatic Processes
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Thus:

Because:

Thus, equivalent potential temperature ᵣ :
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Skew T-lnPChartЃẇ T-lnP Є
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bƻǊƳŀƴŘΩǎ Rule ∑
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Instability of Unsaturated Air Not In Hydrostatic Equilibrium
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CƻǊ ŀƴ ǳƴǎŀǘǳǊŀǘŜŘ ŀƛǊ ǇŀǊŎŜƭ ǿƛǘƘ ǇǊŜǎǎǳǊŜ ǇΩΣ ŘŜƴǎƛǘȅ Ώ ŀƴŘ 
ǘŜƳǇŜǊŀǘǳǊŜ ¢Ω όǇΣ ŀ́ƴŘ ¢ ŦƻǊ ŜƴǾƛǊƻƴƳŜƴǘύΣ ϧ Ǉ Ґ ǇΩΦ

The net upward force acting on a unit of volume of the parcel is:

ὴ ”ὙὝ ”ὙὝ

Ὂ ” ” Ὣ

Ὠᾀ

Ὠὸ

Ὂ

”

” ”

”
Ὣ

Ὕ Ὕ

Ὕ
Ὣ



Instability of Unsaturated Air: Not In Hydrostatic Equilibrium
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If the air parcel is displacedupward, from its equilibrium level
at ȊΩ= 0 with the ambient temperature T0, by a distanceȊΩto a
new level where the ambient temperature is T,

N is Brunt-Väisäläfrequency ⱵЃ Є

Ὕ Ὕ ῲᾀὝ Ὕ ɜᾀ

Ὕ Ὕ ɜ ɜᾀ

Ὠᾀ

Ὠὸ

Ὣ

Ὕ
ɜ ɜᾀThus:

Ὠᾀ

Ὠὸ
ὔᾀ π ὔ

Ὣ

Ὕ
ɜ ɜ

ϳ



Buoyancy Oscillation
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Stably stratified atmosphere: N > 0, or  ˥d ς˥ > 0

Air parcel executes a buoyancy oscillation

Ὠᾀ

Ὠὸ
ὔᾀ π ὔ

Ὣ

Ὕ
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Buoyancy Oscillation over Indian Ocean
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Static Instability For Unsaturated Air
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Stable:      ɱ< ɱd (i.e., ̒ increases with height)
Neutral:    ɱ= ɱd (i.e., ̒ increases with height)
Unstable: ɱ> ɱd (i.e., ̒ increases with height)

From:

We get:

— Ὕ
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Static Instability For Saturated Air
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Stable:      ɱ< ɱs
Neutral:    ɱ= ɱs
Unstable: ɱ> ɱs

ɜ
ɜ

ρ
ὒ
ὧ
‬ύ
‬Ὕ



Conditional and Convective Instability
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Conditionally unstable:
ɱs <  ɱ< ɱd

Stable             Unstable             Neutral        Con. unstable


